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NOTES ON o-BLOCH SPACE AND D,(u)

GYE TAK YaNG* AND K1 SEoNG CHoOr**

ABSTRACT. In this paper, we will show that if 1 is a Borel measure
on the unit disk D such that fD u‘iﬂ < oo where 0 < a, p < o0,

,|Z‘2)po<
then a bounded sequence of functions {f,} in the a-Bloch space
B, has a convergent subsequence in the space D,(u) of analytic
functions f on D satisfying f' € LP(D, ). Also, we will find some

conditions such that [, (1d“<z)

A-l127 < o0.

1. Introduction

Let D be the open unit disk in the complex plane C. Let H(D) be
the space of all analytic functions on the unit disk D. The Bloch space
B of D consists of analytic functions f on D such that

sup{(1 - [2*)|f'(2)|: = € D} < .

For 0 < a < o0, a function f € H(D) is said to be in the a-Bloch
space B, if

I f lla= sup [f'(2)](1 = [2*)* < oc.
z€D

Let u be a positive Borel measure on the unit disk D. For 0 < p < oo,
we denote Dy () as the space of analytic functions on D satisfying

I llu= ( /| If’(z)lpdu(z)>1/p <

It is well known that inclusion map from 9B to D,(u) is bounded if
and only if [, % < oo(See [2]). In this paper, we will investi-
gate properties of some sequence in B, related with D,(u) such that
f M < 0

D (1-[z[*)P '
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In this paper, we will use the symbol C to denote a finite positive real
number which does not depend on variables and may depend on some
norms, not necessarily the same at each occurrence.

Let N be the set of natural numbers. Let {f,} be a sequence in B,
such that sup{|| fn |la: » € N} < C for some positive constant C. In
section 2, we will show that if p is the Borel measure on D such that

Ip @ de "z))pa < 00, then {f,} has convergent subsequence in D, ().

Let r, € (0,1), 0 < a < 1 and limy_ ooy, = 1. Let fh:(2) =
Zzozl akZQk where aj = 2k(°‘*1)rn2kflei2kt. Then f,: € B,. In sec-
tion 3, we will show that if f,; € D,g(p) for § > 1 and p > 0, then
Ip (=N d“ Z - < oo. In particular, we will show that if f,,; € D,3(u) and

| fost H“< C’ where C' is independent of n and ¢, then [}, (ld‘fz‘zz)) < oo.

2. Some sequence of functions in B, which converge in
Dyp(p)

THEOREM 2.1. Suppose that f, € H(D) for n € N and if {f,}
converges uniformly to f on compact subsets of D. Then f € H(D) and
{f]'} converges uniformly to f' on compact subsets of D.

Proof. See 10.28 Theorem in [9)]. O

THEOREM 2.2. If K is compact, if f,, € C(K) for n € N and if {f,}
is pointwise bounded and equicontinuous on K, then

(1) {fn} is uniformly bounded on K,

(2) {fn} contains a uniformly convergent subsequence.

Proof. See 7.25 Theorem in [10]. O

LEMMA 2.3. Let a > 0 and {f,} be a bounded sequence in B, such
that sup{|| fn |la: n € N} < C for some positive constant C. Then { f,}
is equicontinuous on D, = {z : |z| <r < 1}.

Proof. For z,w € D, and 0 <t <1,
24w — )| = (1= £)2 + tw] < (1= B)]2] + tlo| < 7.

For all n € N,
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Fal2) — fulw)
= | [ sute+ thw— 2p - 21

1 2\«
1 — |z +tw—2)|%)

o ot — o ¢ dt

< |w z\/o |[fo(z +t(w Z))’(1— |2+ t(w — 2)|?)*

1 1
<l — Ml dt
1

< J— —_—.

< Clw Z|(1_r2)a
This implies that {f,} is equicontinuous on D. -

THEOREM 2.4. Let a > 0 and {f,} be a bounded sequence in B,
such that sup{|| fn ||a: n € N} < C for some constant C. Then there
is a function f in B, such that some subsequence of {f],} converges
uniformly to f’ on compact subsets of D and || f ||o< C.

Proof. For every f, € Bq,,

1) - 5,001 = | [ 1 f;@z)zdt’

1
<|l fa lla m

< O(1— |22,

Thus { f,} is pointwise bounded and equicontinuous on compact sub-
set K of D. By Theorem 2.2, {f,} contains a uniformly convergent
subsequence which converges to f. Without loss of generality, we may
assume that the sequence {f,} itself converges to f. By Theorem 2.1,
{f,} converges to f’ on compact subsets of D.

Suppose that sup,cp f/(2)(1 — |2]?)® > C + € for some € > 0. Then
there exists zp such that f/(20)(1 — |20/?)* > C +e. Since f/(20)(1 —
|20/9)* — f'(20)(1 — |20]?)®, we can find ng such that if n > ng then
1 (20)(1 = |20]?)®* > C + ¢/2. This is a contradiction. Hence

sup f'(2)(1 — [2[*)* < C.
zeD
This implies that f € B, and || f [|o< C. O

THEOREM 2.5. Let o > 0 and {f,} be a sequence in B, such that
sup{|| fn lla: m € N} < C for some constant C. Let u be the positive
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Borel measure on D such that fD &% < oo where p > 0. Then

{fn} has convergent subsequence in Dy ().

Proof. By the Theorem 2.4, {f/} converges to f’ on every compact
subset of D.

[fn(2) = FR)IF < @max(|f ()], [f'(2))
<2°(If ()P + 1 (2)P)
<P (fa(2)P(L = 2P+ [ (2)P(L — [2[)P) (1= |2]*) P
<P(| fu I8+ 1 F IR = |21%) 7P
< 2P(CP 4 COP)(1 — |2|?) P2

By the Lebesgue dominated convergence theorem,
! !/ l/p
dim 5= 7 = (i [ 172 - £GPt

= (- f’<z>|Pdu<z>)l/p

n—oo
0.

3. Some condition for which fD % is finite

LEMMA 3.1. For0<r <landn e N,
(27 + 1)(r2)?" 4 4 20T ()7L o g2ed 12
Proof. For alln € N,

2n+1 2n+1 1 on(on 1
2"+ 1)+ Q" +2) +---+ 2" = ( 5 +1) _ 2% 2+ )

=on(2ntl 1) —2nh(2n 4 1),

Since
22l _gn(2ntl 1) 4 2n (2" 4 1) =271 (2" — 1) > 0
and 0 < r < 1,
2"+ 1))+ + 2n+1(702)2”+171 < 92n+1,2mH

for allm € N.
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THEOREM 3.2. For0<r <1 andn € N,

1 - n
G- <7 (1+ZQW )

n=0

Proof. By Lemma 3.1,
o0
1+ 222
n=0

1 1
Z 2n+1,.2"+t

n=0
2+ i {(2n + 1))+ 4 2n+1(r2)2n+1_1}}
n=0

{1427 +30%)° +40%)° +50)" +6(%)° + - }

NI~ NI~ N =

hE

(n+1)(r*)"

I'(n+2)
n!l'(2)
1
2(1—1r2)2"

(T2)n

|
DO
3
I
o

—_

O]

THEOREM 3.3. Suppose that {ny} is an increasing sequence of pos-
itive integers such that nfl—:l >A>1forallk. Let 0 < p < co. Then
there is a positive constant C depending on p and A such that

m 1/2 L el p 1/p m 1/2
C <;|ak| > < (27r/0 ;ake d@) <C <;|ak| >

for any scalars ai,a9, - ,a;, and m=1,2,---.

Proof. See [11]. O

THEOREM 3.4. Let {\,} be a sequence of positive integers satisfying

A
1<A< Tl§0<+w,nZL

n
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Suppose a > 0 and f(z) = .20 apz*. Then f € B, if and only if
an = O\ 1) as n — oc.

Proof. See Theorem 21 in [12]. O

Let @ > 0, rp, € (0,1) and limp 007 = 1. Let fr4(2) = D 70, akZQk

_ k_1 4ok . k_
where a; = ok(a=1),. 2°-10i2%  Gince 2"l — (0 as k — 00, fnt € Bq

by Theorem 3.4.
THEOREM 3.5. For 6 > 1 and p > 0,

0 p/2 2
(22%( a2])2%" W) <Cs / (2) Pt

k=1

for some constant C'.

Proof.
(o]
= Z ak2kz2k_1
k=1
(o ¢]
_ Z 2k/67,721k716i2ktz2’“71
k=1
o0
_ Z 2k/ﬂ(rnz)2k—lei2kt.
By Theorem 3.3,

o0

" Z zk/ﬁ(rnz)thez‘th

P B
dt>
k=1
Z 2k/ﬁ(rnz)2kflei2kt

1 /271‘ 0 p %p,@
(= dt
2T 0 el

m 9 pB/2
N

k=1

This implies that
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1

21
= | pta

B
1 2 p 1 21
/ (L)
2w 0 2 0
1 o p B
— dt
(271'/0 >

N m k8 oh_1 9 pB/2
> 0% Jim. Z(z (ral2) )

[o¢]
Z Qk/ﬁ(rnz)quemt
k=1

o0

Z 21@/5(74”2,)2‘&161‘2%

k=1

v

k=1
where the first inequality follows from Hélder inequality. Since
(@+y) = (@ +y)@+y)""

=z(z+y) 7 +yl@+y)!
> 2% + y’B
for all z,y > 0,

1 27
!
| ra

m 9 pB/2
> C7P lim <Z (2k/’6(7‘n|z\)2k_1) )
k=1

m p/2
> C"0 lim <Z 22k(rn|z|)2<2’“—1>ﬁ)

k=1

00 p/2
=c (Z 22’“<rn|z>2<2“1>5> .

k=1

LEMMA 3.6. If 3 > 1 and ry, € (0,1), then

1= (ral2])? < 1= (ra|2)* < C (1= (ral2])?)
for some constant C.

Proof. Since rp|z| < 1,1 — (rp|2])? < 1 — (ra|2))?? .
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L= (ralz)? _ (1= (ral2D)?) (1 + (ral2)?)
T Glall = D+ (D)
21— (ral2])?)
=TT ()
(1= (rals)PH)
1_(74n|f2’)
(1= 1l 2)(1+ e + - + (raf2) )
= (ral])

<2

<2

<2([p] +1).

Above two results imply that
1= (ralz)® < 1= (ral2])* < C (1= (ral2])?)
for > 1 and r, € (0,1).

THEOREM 3.7. Let 3> 1 and p > 0. If f,,; € Dyg(p), then

d
/ ,LL—(Z)2 < 0.
p (1= (ralz])?)P
Proof. By Theorem 3.2 and Lemma 3.6,

[e.o]

322 (1 |2) 2208 4 14 (1 2])2°
k=1

oo
> 14+ 2% (2?0
k=0
1
(1 — (rnl2])?%)?
1

(1= (rn|2[)?)?

v

Q N

Y

for some constant C.
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Above result and Theorem 3.5 imply that
1

(1 — (rnlz])?)P
p/2
<C ZQ% 2(2 -1)8

1 27r

<C- £} (2)[PPdt.
2 ’

b=
< [ o5 [T

2
<ol / () PPdu(z) dt.
27T 0 D ’

This implies that

O
COROLLARY 3.8. If there is a constant C such that [}, |f;, ,( (2)|PPdu(z)
< C where C is a constant independent of n and t, then fD % < 0.

Proof. This Corollary follows from Theorem 3.7 and Fatou’s Lemma.
O
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